We carry out the Hawking temperature of a (2+1) dimensional circularly symmetric traversable wormhole in the framework of the generalized uncertainty principle (GUP). Firstly, we introduce the modified Klein-Gordon equation of the spin-0 particle, the modified Dirac equation of the spin-1/2 particle, and the modified vector boson equation of the spin-1 particle in the wormhole background, respectively. Given these equations under the Hamilton-Jacobi approach, we analyze the GUP effect on the tunneling probability of these particles near the trapping horizon, and subsequently, on the Hawking temperature of the wormhole. Furthermore, we have found that the modified Hawking temperature of the wormhole is determined by both wormhole's and tunneling particle's properties and indicated that the wormhole has a positive temperature the same as a physical system. This case indicates that the wormhole may supported by ordinary (non-exotic) matter. In addition, we calculated the temperature of the wormhole Unruh-Verlinde by using Kodama vectors instead of time-like Killing vectors, and observed that it was equal to the standard Hawking temperature of the wormhole.
Introduction
Black hole and wormhole solutions are the most popular and fascinating solutions of Einstein general relativity as well as modified gravitational theories. Theoretically, the black hole consists of a singularity in the center and an event horizon that surrounds this singularity, but the wormhole consists of two mouths and a throat connecting them. Also, the mouths of a wormhole open into two different regions of the same spacetime or different two space-times in the presence of an exotic matter called phantom violating the energy conditions [1, 2] . However, it has been shown that a wormhole can be formed without an exotic matter, i.e., it can be supported by ordinary matter not violating energy condition [3, 4, 5, 6, 7, 8, 9, 10, 11] . Furthermore, a wormhole spacetime is topologically similar to a black hole except the nature of their horizon. This situation arise from the fact that the wormhole horizon is characterized by a temporal outer trapping horizon while the black hole horizon is characterized by a future spatial trapping region [12] . Thus, thanks to the its throat, it is believed that a wormhole allows a traveler to both directions. A traversable wormhole solution was firstly obtained by Morris and Thorne in the context of the standard Einstein's gravitation theory [1, 2] . After that, the wormhole geometries in both (3+1) and (2+1) dimensions are widely discussed in the literature.
After the seminal papers of Hawking [13, 14, 15] , the thermodynamic properties of the these cosmological objects have been a great interest. From these thermodynamical properties, especially, thermal radiation of a black hole, named as Hawking radiation, is calculated by various methods. From these methods, the Hamilton-Jacobi method, based on quantum tunneling process of a particle, is the most popular method [16, 17, 18, 19, 20, 21, 22, 23, 24, 25] . By using the Hamilton-Jacobi approach, Hawking radiations of a number of black holes as quantum tunneling process of a point particle have been investigated in the literature [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36] . These studies show that Hawking radiation depends only on the black hole's properties. On the other hand, when the thermodynamic properties of a black hole are examined in the context of the GUP which is based on the existence of a minimal observable length that is a characteristic of the candidate theories of quantum gravity it is seen that the modified Hawking temperature is up to the properties of both the black hole and the tunnelled particle [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54] . Furthermore, in the presence of the GUP effect, it was observed that the particles with spin (spin-0,1/2,1) are differently tunnelled from a black hole, and therefore, they caused completely different Hawking temperature [55, 56, 57, 58, 59] . However, while the black hole thermodynamic is intensively studied in the literature there are few studies deal with thermodynamic properties of wormholes [61, 62, 63, 64, 65, 66, 67, 68, 69, 70] . The existence of a trapped horizon would allow the use of semi-classical approaches such as Hamilton-Jacobi approach based on the tunneling of particles for investigation of the thermodynamic properties of a wormhole. Thus, studies investigating the temperature of a wormhole by quantum mechanical tunneling process of the spinning particles show that the temperature of the wormholes is not related to the properties of the tunneling particles [73, 74, 75] . Moreover, according to our knowledge, the thermodynamic properties of wormholes have not yet been analyzed in the context of quantum gravity. Therefore, we will look into the Hawking temperature of the (2+1) dimensional static traversable wormhole via quantum mechanical tunnelling of the massive spin-0, spin-1/2 and spin-1 particles in the context of GUP.
The purpose of the paper is to investigate the modified Hawking temperature of the (2+1) dimensional wormhole by using the Hamilton-Jacobi approach in the context of the GUP. Hence, in the following section, using the modified Klein-Gordon equation, we calculate the tunneling probability of the scalar particle, and subsequently, the modified Hawking temperature of the wormhole. In this section, we also derive the Unruh-Verlinde temperature by using the Kodama vector instead of time-like Killing vector, and compare it with the standard Hawking temperature derived by quantum tunnelling process. In section-3 and 4, for the modified Dirac equation that describes spin-1/2 Dirac particle and for the modified vector boson equation that describes spin-1 vector boson particle, respectively, we obtain the modified temperature of the wormhole by the same procedure for the scalar particle. In the conclusion, we are summarized the results.
Hawking temperature of the 2+1 dimensional traversable wormhole
The general form of the (2+1) dimensional circularly symmetric traversable wormhole spacetime is given as follows [78, 79, 80, 81] ;
where the b(r) and f (r) are the shape and the red-shift functions, respectively. To represent a wormhole via Eq.(1), there are some constraints known as flare-out conditions on the f (r) and b(r) functions: To guarantee the absence of a horizon, the red-shift function, f (r), must be taken finite values everywhere. At throat, i.e. r=r th where r th is the radius of the throat, the shape function, b(r), must be obeyed the conditions b(r th )=r th and b ′ (r th ) < 1. Also, the shape function must be obeyed b(r) < r for r > r th and b(r)/r → 0 in the limit |r| → ∞.
In this study, we will use the Kodama vector, K a , to calculate the surface gravity [82, 83, 84] . The Kodama vector lies in the (t − r) plane and its definition is given as follows:
where h is the determinant of the metric tensor h ab of the (1+1)-dimensional plane, ε ab is the (1+1)-dimensional Levi-Civita tensor, and R is radial function [82, 83, 84] . For this purpose, the (2+1) dimensional traversable wormhole metric Eq.(1) can be rewritten as follows:
where x a =(t, r) and h ab =(1, − r r−b(r) ) is the metric of the two dimensional space. Here, we consider the zero-redshift case, i.e. f (r)=0. Thus, the components of the Kodama vector for the (2+1) dimensional traversable wormhole metric Eq.(3) as follows:
Furthermore, using the Kodama vector, the energy of a particle can be defined as follows:
where S is the action function of a particle [82, 83, 84] . On the other hand, the radius of trapping horizon is determined by the following way [72, 70, 71] h ab ∂ a r∂ b r = 0.
Hence, using Eq.(6), we calculate the radius of the trapping surface as r trap =b(r trap ) means that the radius of trapping horizon is equal to radius of the throat, i.e. r trap =r th . This result exhibit that radius of the trapping horizon of static traversable wormhole overlap with radius of its throat. Using this fact, we aim to investigate the quantum mechanical effects near the trapping horizon by using Hamilton-Jacobi approach in the context of GUP. To do so, we use the modified Dirac, Klein-Gordon and vector boson equations.
Tunneling of scalar particle from the wormhole
To clarify the quantum gravity correction to the tunneling of the scalar particle from the wormhole, we start by writing the modified Klein-Gordon equation given as follows:
where Φ and M 0 are the modified wave function and mass of the scalar particle, respectively, and also the GUP parameter, α, is defined as α=α 0 /M 2 p in terms of M p (the Planck mass) and a dimensionless parameter, α 0 [55, 57, 58, 59] . By using the wormhole background in Eq.(1), the modified Klein-Gordon equation is rewritten in the following form:
where C(r)=1 − b(r) r . Furthermore, the modified wave function of the scalar particle, Φ (t, r, φ), is defined as
where A is a constant and S(t, r, φ) is the classical action function. When inserting Eq.(9) into Eq. (8), we get the modified Hamilton-Jacobi equation as follows:
where the higher order terms ofh are neglected. The action function, S (t, r, φ), can be separated by means of the Kodama vector [82, 83, 84] which the Kodama vector for the wormhole background is K i =( √ C, 0, 0) and also the energy of the tunnelling particle, E, is described by the Kodama vector as E=− √ C ∂S ∂t . Accordingly, by using the separation of variable method the action is written by the following form:
where k is a complex constant, and j is the angular momentum of the particle. In this context, the modified Hamilton-Jacobi equation is reduce to the radial trajectory, W (r):
where the signs (+/−) are represent to the outgoing particle and ingoing particle, respectively. Also, the abbreviation Λ is
.
In the near trapping horizon limit, C(r) ≈ (r − r h )a where a is a constant and it is
where the prime denote the derivative with respect to r. Because of the flare out conditions, we see that the constant a should be positive, i.e. a > 0. In that case, the W ± (r) are calculated as
Then, the scalar particle tunneling probabilities from the trapping horizon are
Thus, the tunneling probability is
where T H is Hawking temperature. Consequently, the modified Hawking temperature of the scalar particle, T KG H , is obtained as follows
where T H is the usual Hawking temperature of the wormhole and it is explicitly given by
Since a is positive, the usual Hawking temperature of the wormhole, T H , also positive. This result shows that we can take the wormhole as a physical system, i.e. it may supported by an ordinary (non-exotic) matter. In the previous studies, it was emphasized that Hawking temperature of a wormhole should be negative due to the exotic matter that supports it. In these studies the trapping horizon of the wormhole is consider in the past outer trapping region [65, 74, 75] . However, our result indicates that the wormhole may supported by ordinary (non-exotic) matter. In addition, our result shows that the trapping horizon of the wormhole is represented by a future outer trapping region [76, 77] . Moreover, according to Eq. (17), we can say that the standard Hawking temperature is higher than the modified Hawking temperature. In that case, the mass and angular momentum of the tunneling scalar particle play an important role in determining the thermodynamic properties of the wormhole. In this point, it is important to emphasize that the standard Hawking temperature of the wormhole given in Eq. (18) can be derived in the context of Unruh-Verlinde approach [85, 86] . In the standard Verlinde formulation, Unruh-Verlinde temperature defined in the following expression [86, 87, 88] :
where n α is unit vector and Φ is the modified Newtonian potential given in terms of metric tensor, g µν , and time-like Killing vector, ξ µ , as [89]
As indicated in Ref.
[ [87] ], the Unruh-Verlinde temperature calculated using Eq. (19) is zero. However, if we use the Kodama vector instead of the time-like Killing vector in Eqs. (19) and (20), we find a non-zero Unruh-Verlinde temperature. Thus, we obtain the Unruh-Verlinde temperature of the (2+1)-dimensional traversable wormhole as follows:
which is consistent with Eq. (18) . According to this result, both standard Hawking temperature and the Unruh-Verlinde temperature are non-vanishing at throat of the 2+1 dimensional traversable wormhole and are equal to each other. Furthermore, this situation shows that a Kodama observer measures a different temperature value than that of a Killing observer.
Tunneling of massive Dirac particle from the wormhole
The modified (2+1) dimensional Dirac equation by using the GUP relations is given by the following way;
where Ψ is the modified Dirac spinor, µ 0 is mass of the Dirac particle, σ µ (x) are the spacetime dependent Dirac matrices, and Γ µ (x) are spin affine connection for spin-1/2 particle [55, 57, 58, 59, 90] . Using Eq.(1), the non-zero spinorial affine connection is derived in terms of Pauli matrices as follows;
To get the tunneling probability of the massive Dirac particle from the wormhole, we use the following ansatz;
where the A (t, r, φ) and B (t, r, φ) are the functions of spacetime coordinates [90] . Substituting the Eqs. (23) and (24) into the Eq. (22), we obtain the following coupled equations for the leading order inh and α:
Thus, we obtain the modified Hamilton-Jacobi equation describing the massive Dirac particle for vanishing determinant of the coefficient matrix of A (t, r, φ) and B (t, r, φ):
where the terms with higher order α parameter are neglected. Afterwards, using the Eq.(11), the radial trajectory of the tunnelling Dirac particle, W ± (r), is found as
where χ is
Under the near trapping horizon condition, C(r) ≈ (r − r h )a, W ± (r) are obtained as
Using the Eqs. (15) and (16), the modified Hawking temperature of the Dirac particle, T D H is obtained as follows:
where T H is the usual Hawking temperature in Eq. (18) . This result indicates that the modified Hawking temperature of the Dirac particle is completely different from that of the scalar particle. In addition, it depends on the properties of the Dirac particle as well as the throat radius of the wormhole. In the absence of the GUP effect, the modified Hawking temperature reduces to the standard one.
Tunneling of massive vector boson from the wormhole
The (2+1) dimensional modified massive vector boson equation is;
where the Ψ and m 0 are the modified wave function and mass of the vector boson, respectively [56, 59] . Also, the β µ (x) and Σ µ are the Kemmer matrices and spin connection coefficients for the spin-1 given as
respectively [91, 92] . To analyze the Hawking temperature of the wormhole in the framework of GUP via tunnelling of the spin-1 vector boson particle, we use the following ansatz for the wave function [91, 92] ;
Then, using Eqs.(23), (31) and (32), the modified massive vector boson equation is simplified to the three coupled differential equations: 
∂S ∂φ
The Eq.(33) has nontrivial solutions for the coefficients A (t, r, φ), B (t, r, φ) and D (t, r, φ) under the condition that the coefficients matrix determinant is zero. Hence, the modified Hamilton-Jacobi equation for the massive vector boson particle becomes as follows;
Using the method of separating the variable of the classical action function, as in Eq.(11), the radial trajectory, W ± (r), of the massive vector boson is written as follows:
where Υ is
Using the near trapping horizon condition, C(r) ≈ (r − r h )a, the integral expression in Eq.(35) are calculated as
Hence, using the Eqs. (15) and (16) for the vector boson particle, the modified Hawking temperature becomes
Here, T H is the usual Hawking temperature of the wormhole. As can be seen from Eq.(37), the modified Hawking temperature of the vector boson different from that of the both Dirac and scalar particles. And also, as a result of the quantum gravity, the modified Hawking temperature depends on the mass and the angular momentum of the vector boson particle.
Concluding remarks
In this work, in the framework of the quantum gravity, we have investigated Hawking temperature of the (2 + 1) dimensional traversable wormhole by using the quantum tunnelling processes of the spin-0 scalar, spin-1/2 Dirac and spin-1 vector boson particles, respectively. Some important results that can be deduced from the study can be listed as follows:
• We observe that due to the presence of a trapping horizon, the Hamilton-Jacobi approach is found to be useful in determining the thermal properties of wormholes.
• As can be seen from Eq.(18), the standard Hawking temperature of the (2 + 1) dimensional traversable wormhole is positive defined and depends only on the wormhole properties. The positive temperature indicates that a wormhole can be treated as a physical system. This indicates that it may be supported by a ordinary (i.e. non-exotic) matter.
• The Unruh-Verlinde temperature of the wormhole was calculated using the vector Kodama vector instead of the time-like Killing vector. It is observed that, at throat of the wormhole, the Unruh-Verlinde temperature is equal to the standard Hawking temperature. Also, both temperatures are non-vanishing. Accordingly, it can be said that Kodama and Killing observers detected a different temperatures in the (2 + 1) dimensional traversable wormhole background.
• This situation indicates that the reason why Kodama and Killing observers measure different temperatures is directly related to the geometric point of view.
• As a result in quantum gravity effect, the modified Hawking temperatures caused by the tunneling of the spin-0 scalar, spin-1/2 Dirac and spin-1 particles, separately, are lower than the standard one, and also the modified Hawking temperature depends on both the wormhole and the tunnelled particles properties. Moreover, for all the three types of particle, angular momentum (orbital+spin)-spacetime geometry interaction appears as j 2 r 2 h in the context of the GUP, where j is the angular momentum (orbital+spin) of tunneling particle and r h is radius of the wormhole throat.
• In the context of GUP, of course, the tunneling probability of the spinning particles from the wormhole is different from each other.
Finally, as in black holes, similarly, it can be said that the quantum mechanical tunnelling processes of the relativistic spinning particles play an important role in the investigation of the thermodynamic properties of a wormhole in the presence of the quantum gravity effects.
